Abstract. We study the nonlinear coupled dynamics of ultra-cold quantum gases trapped in the light field of high Q optical resonators. In the very low temperature limit the quantum nature of both, light and ultra-cold matter play equally important roles. Using the dynamically generated entanglement and properly designed measurements procedures of the light field allows controlled preparation of many-body atomic states as e.g. atom number squeezed states or Schrödinger cat states. If one traps the particles inside the optical cavity, one can create a optical potential, which is a quantized and a dynamical variable itself. In addition it mediates controllable long range interactions. The self-consistent solution for light and particles the includes new classes of quantum many-body states as super-solid states and polaron like excitations. In the deep trap limit the collective coupling of the particles and the field can be tailored to reproduce a wide range of optomechanic Hamiltonians with linear, quadratic or even higher order couplings in an environment very close to zero temperature.
INTRODUCTION
As matter influences the propagation of light waves, light can be used to manipulate matter waves. In typical situations as optical traps or cavity QED one of the two effects dominates. However, confining a cold gas in a high finesse optical resonator creates a novel situation, where particles and photons dynamically influence their motion by momentum exchange on equal footing. The particles create a dynamic refractive index diffracting the light waves, which interfere and in turn form structured optical potentials guiding the particles motion [? ] . Thus a quantum degenerate gas in an optical lattice inside a cavity represents the key system for quantum optics with quantum gases, where the quantum description of both, light and atomic motion is equally important.
MEASUREMENT AND STATE PREPARATION
In a quantum description of light and particle motion the dynamics immediately creates entanglement of atomic motion and the light modes. 
COUPLED QUANTUM DYNAMICS Optomechanics with ultracold quantum gases
Beyond measurement induced backaction, one can also study the light forces will influence high field seeking atoms moving between the two mirrors. For weak forces a linear approximation for the density perturbation of the BEC immediately leads to an implementation of the standard optomechanical coupling Hamiltonian[? ? ]. A BEC trapped within in a linear optical cavity generates a quantum refractive index. Atom light interaction creates density waves entangled with the field amplitude. For weak perturbation the system can be described by a standard optomechanical Hamiltonian with the atomic density behaving equivalent to a movable mirror.
In the opposite limit of a deep optical potential the particles are strongly confined near the potential minima at the antinodes of the optical field. Here the particle motion can be linearized and we get a photon number (intensity) dependent confinement and backaction of the particles on the field. In a harmonic trap approximation this realizes quadratic optomechnical coupling and a nonlinear field response[? ]. Coupling a second cavity mode as e.g. in a ring cavity or confocal cavity than can add linear coupling term which in the sideband limit allows ground state cooling of the center of mass mode[? ? ]. A single quantum trajectory for this cooling process is shown in Fig. ? ?. l FIGURE 5. In a ring cavity two degenerate resonant light modes modes can be used for trapping and ground state cooling of the particles. Close to T = 0 observation of the emitted light reveals quantum jumps of the trapped particle(s) between the lowest trap states. FIGURE 6. Selfordered distribution of atoms in a cavity with transverse pump. Above a certain pump strength the atoms order in a tube like structure at every second antinode of the cavity mode, which mediates superradiant pump scattering into the cavity mode.
Selfordering and super-radiant scattering
Above a certain threshold illumination intensity the particles order in a regular crystalline structure, where they form ordered periodic patterns with Bragg planes optimally coupling the pump laser into the resonator. 
HYBRID SYSTEMS
Interestingly such a setup can be directly generalized to include a movable mirror or membrane on one side. Here the tailored frequency response of the atomic ample can be used to cool the mirror even for a relatively bad cavity[? ] FIGURE 7 . An ensemble of cold atoms in a cavity with movable mirror can be tailored to give a narrow optical resonance and suppress Stokes scattering from the mirror or enhance the anti-Stokes emission to efficiently cool the mirror motion.
CONCLUSIONS
The full quantum dynamics of ultracold gases coupled to high-Q cavity modes exhibits a wide range of new physical effects which can be studied with great control and precision. It bridges the gap between the quantum physics with single particles and quantum optics with solid mechanical objects. In hybrid setups cavity mediated interaction can be tailored to generate quantum correlations and entanglement of atom and mirror system.
